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Abstract. Whispering gallery modes were used for very accurate permittivity and dielectric
loss measurements of ultralow loss isotropic and uniaxially anisotropic single crystals.
Several materials including sapphire, YAG, quartz, and SrLaAlO4 were measured. The total
absolute uncertainty in the real part of permittivity tensor components was estimated to be
±0.1%, limited principally by the uncertainty in sample dimensions. Imaginary parts of
permittivities were measured with uncertainties of about 10%, limited by the accuracy of
Q-factor measurements of whispering gallery modes. It has been observed that, for most
crystals, dielectric losses can be approximated by a power function of absolute temperature
only in limited temperature ranges. At temperatures between 4–50 K, losses are often
affected by impurities, which are always present in real crystals.
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1. Introduction

The whispering gallery mode method has proved to be one of
the most accurate for measurements of complex permittivity
of extremely low loss dielectrics. In early papers only the
dielectric loss tangent was measured by this technique [1, 2].
Recently the WGM method was employed for very precise
measurements of real pemittivity and dielectric losses of both
isotropic and uniaxially anisotropic materials [3–5]. This
method was also used in our measurements of ultralow loss
single crystal materials including sapphire, yttrium alumina
garnet (YAG), quartz, SrLaAlO4 and in our already published
measurements of rutile [6, 7].

2. Measurement procedure

The most effective way to eliminate conductor losses in
accurate dielectric loss tangent measurements is to use
higher-order azimuthal modes, called whispering gallery
modes (WGMs), excited in cylindrical specimens of the
material under test. In order to evaluate permittivity tensor
components of a uniaxially anisotropic material, a cylindrical
specimen must first be obtained that is oriented with the
cylindrical axis along a principal direction of anisotropy.
Then two WGM resonant frequencies of the specimen

that exhibit quasi-TE (H-mode) and quasi-TM (E-mode)
electromagnetic field structures are measured. Finally, the
system of two nonlinear determinant equations is solved
to evaluate permittivity tensor components. With known
specimen permittivities, resonant frequencies for several
other modes are computed and compared with experimental
values to check the validity of mode identification. Detailed
analysis of uncertainties in permittivity evaluation leads to the
conclusion that the dominant part of the relative permittivity
error is approximately double the relative error in the diameter
of a cylindrical specimen. To ensure such permittivity
uncertainty, resonant frequencies must be computed with
uncertainties that are smaller than the dielectric resonator
diameter uncertainty.

Once permittivities are found, dielectric loss tangents are
evaluated as solutions to the equations

Q−1
(E) = p(E)e⊥ tanδ⊥ + p(E)e‖ tanδ‖ +RS/G

(E)

Q−1
(H) = p(H)e⊥ tanδ⊥ + p(H)e‖ tanδ‖ +RS/G

(H)

 (1)

where tanδ⊥ and tanδ‖ are the dielectric loss tan-
gents perpendicular and parallel to the anisotropy axis;
p
(H)
e⊥ , p

(H)
e‖ , p

(E)
e⊥ , p

(E)
e‖ are the electric energy filling factors

perpendicular and parallel to the anisotropy axis of the res-
onant structure, for quasi-TM WGMs (superscriptE) and
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Figure 1. Whispering gallery mode fixture used in laboratory
experiments.

quasi-TE whispering gallery modes (superscriptH ), and
G(E) andG(H) are the geometric factors for quasi-TM and
quasi-TE respectively. The geometric factors can be evalu-
ated from the expression:

G = ω
∫∫∫

V
µ0H ·H∗ dv∮∫
Ht ·H∗t ds

. (2)

The resolution in loss tangent evaluation depends on
geometric factor values. The larger the geometric factor,
the higher the loss tangent resolution. In practice, for
properly chosen azimuthal mode numbers and a sufficiently
large metal shield, terms involving geometric factors can
be neglected. In such a case dielectric loss tangent
uncertainties are essentially the same as these in unloaded
Q-factor measurements. For WGMs the shapes of resonant
curves often differ from the shape of an ideal Lorentzian
curve so, typically, loadedQ-factor uncertainties are about
10%. Hence similar uncertainties exist in loss tangent
measurements as those in unloaded Q-factor determination.
This is true if coupling is weak and insertion losses in
scattering parameter measurements are properly accounted
for.

In our measurements all samples were mounted at the
centre of a copper cavity having two adjustable coupling
loops positioned at two opposite sides of the symmetry
plane of the cavity as shown in figure 1. Both loops were
rotated 45◦ with respect to the plane of symmetry, in opposite
directions to allow easy coupling to both quasi-TE and quasi-
TM mode families. At room temperature, the coupling
loops were adjusted symmetrically to obtain very weak
coupling to higher azimuthal order modes (insertion loss
below−60 dB). With decreasing temperature, the coupling
coefficients increased due to significant unloadedQ-factor
changes. At temperatures below 100 K insertion losses were
typically in the range from−40 to−10 dB, and they were
taken into account in unloadedQ-factor evaluations.

3. Results of real permittivity measurements

3.1. Sapphire

The sample was made of ultrahigh grade sapphire crystal.
The sample had the following parameters.

• Sample sizeD = 20.030± 0.005 mm;L = 6.709±
0.005 mm.

Figure 2. Permittivity component perpendicular to anisotropy
axis versus temperature for sapphire.

Table 1. Intercomparison data for sapphire at room temperature.

Frequency
ε⊥ ε‖ (GHz) References

9.395± 0.004 11.589± 0.004 audio [10]
9.395± 0.1% 11.586± 0.1% 8.3, 8.9 [5]
9.399± 0.2% 11.553 + 2%a 13.6, 14.3 [9]
9.400± 0.1% 11.587± 0.1% 21.4, 21.7 This work
9.419± 0.004 11.662± 0.004 900 [11]
9.486± 0.004 11.806± 0.004 1800 [11]

a Permittivity affected by the presence of air gap between the
sample and metal shield.

• Crystallographic structure: rhombohedral.
• Alignment of cylinder axis with the crystal optic axis:

20 min.
• Impurities:<10−4.
• Thermal expansion coefficients at ambient temperature:

alongc-axis, 5.8× 10−6 K−1; perpendicular toc-axis,
5.06× 10−6 K−1.
• Copper enclosure size:Dc = 36.0 mm; Lc =

21.85 mm.

We used S1-9 (21.4 GHz) and N1-11 (21.7 GHz) WGMs
for permittivity and the dielectric loss tangent determination.
Several other modes, S1-7, S1-8, S1-10, N1-7, N1-8
and N1-9, were measured to check the validity of mode
identification. The total absolute uncertainty in the real
part of permittivity tensor components was estimated to
be less than 0.1%. Thermal expansion coefficient changes
versus temperature [8] were taken into account in permittivity
evaluation. The results of permittivity measurements of
sapphire are shown in figures 2 and 3. Sapphire is a frequently
used dielectric at microwave frequencies and permittivity
data are available in the literature for intercomparison (see
some of them in table 1). Most of the data in table 1 are within
0.1% tolerance. At infrared frequencies both permittivity
tensor components of sapphire increase with frequency, as
shown in the last two rows of table 1.

One interesting question is the permittivity value of the
sapphire specimen at the lowest measured temperature if
no dimensional changes from room temperature values are
accounted for. Analysis has shown that both permittivity
components for sapphire at 15 K would be about 0.13%
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Figure 3. Permittivity component parallel to anisotropy axis
versus temperature for sapphire.

larger than their values at 15 K given in figures 2 and
3. For sapphire, relative permittivity uncertainty caused by
neglecting expansion is therefore at least ten times smaller
than the observed permittivity changes in the temperature
range from 15 K to 300 K. The influence of thermal
expansion is especially important at low temperatures when
permittivity changes are small. Generally, as temperature
decreases, thermal expansion coefficient values converge
to zero. At temperatures between 4–20 K paramagnetic
impurities often affect the measurement uncertainty of the
real permittivity. Resonant frequency changes in this range
primarily depend on the kind and amount of paramagnetic
impurities [12]. Since permeability of the samples is assumed
to be equal to unity in permittivity evaluations, data at very
low temperatures represent an ‘effective’ permittivity.

3.2. Quartz

The sample had the following parameters.

• Sample size (at 295 K):D = 49.88± 0.01 mm;L =
32.23± 0.01 mm.
• Crystallographic structure: trigonal.
• Alignment of cylinder axis with the crystal optic axis:

better than 1◦.
• Impurities: Al+<30×10−6; Fe+<10×10−6; Na+<10×

10−6; Li+<5×10−6; OH−—present but not determined
quantitatively.
• Thermal expansion coefficients at ambient temperature:

alongc-axis, 7.5× 10−6 K−1; perpendicular toc-axis,
13.7× 10−6 K−1.
• Copper enclosure size:Dc = 80.0 mm;Lc = 50.0 mm.

We used S2-14 (16.9 GHz) and S1-15 (17.2 GHz) WGMs
for permittivity and the dielectric loss tangent determination.
Several other modes: S1-12, S1-13, S1-14, S2-12 and S2-13,
were measured to check the validity of mode identification.
Results of permittivity measurements of quartz are shown in
figures 4 and 5. Quartz is one of the most popular materials
used in the electronics industry. Its material properties,
including permittivity, have been measured by hundreds of
researchers. Some permittivity measurement data for quartz
taken from the literature are shown in table 2.

Figure 4. Permittivity component perpendicular to anisotropy
axis versus temperature for quartz.

Figure 5. Permittivity component parallel to anisotropy axis
versus temperature for quartz.

Table 2. Intercomparison data for quartz at room temperature.

Frequency
ε⊥ ε‖ (GHz) References

4.5208a 4.6368 audio [10]
4.4348± 0.001 4.6368± 0.001 audio [15]
4.43 4.5853 4.4, 5.0 [16]
4.4430± 0.2% 4.59 + 2%b 7.8, 9.0 [13]
4.4427± 0.1% 4.6440± 0.1% 16.9, 17.2 This work
4.430± 0.004 4.633± 0.004 35.0 [14]
4.4648± 0.004 4.6483± 0.004 900 [11]
4.4901± 0.004 4.6742± 0.004 1800 [11]

a This value was later corrected by the same authors in [15].
b Permittivity affected by the presence of air gap between the
sample and metal shield.

Again, our measurements are in good agreement with the
literature data presented, although there are a few published
values (most of them not shown here) in which permittivities
differ by a few per cent from the data shown in table 2.
As quartz permittivity changes versus temperature are about
one order of magnitude smaller than those for sapphire,
they would be affected by uncertainties in thermal expansion
coefficients. Uncertainties in thermal expansion coefficients,
which we assumed in our permittivity computations, were not
specified in [17] and [18]. At very low temperatures (4–20 K)
permittivity values of quartz should be treated as ‘effective’
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Figure 6. Permittivity components perpendicular and parallel to
anisotropy axis versus temperature for SrLaAlO4.

since permeability variations can be affected by the presence
of paramagnetic impurities.

3.3. SrLaAlO4

The sample had stoichiometry SrLa1.03Al0.97O4 and the
following parameters.

• Sample size:D = 17.18 mm;L = 9.00 mm.
• Crystallographic structure: tetragonal.
• Accuracy of alignment of cylinder axis with the crystal

optic axis: better than 10.
• Impurities:< 10−4.
• Thermal expansion coefficients at ambient temperature:

alongc-axis, 17.1× 10−6 K−1; perpendicular toc-axis,
7.55× 10−6 K−1.
• Copper enclosure size:Dc = 36.0 mm, Lc =

21.85 mm.

We used S1-5 (12.1 GHz) and N1-6 (11.8 GHz) WGMs
for permittivity and dielectric loss tangent determination.
Several other modes, S1-4, S2-4, S2-5, N1-4 and N1-5,
were measured to check the validity of mode identification.
The manufacturer provided thermal expansion coefficient
data for this sample. For SrLaAlO4, as for sapphire,
relative permittivity uncertainty caused by neglecting thermal
expansion is at least ten times smaller than observed
permittivity changes in the temperature range from 15 K to
300 K. Permittivity measurement results for SrLaAlO4 are
shown in figure 6.

3.4. YAG

The sample was made of yttrium alumina garnet crystal and
had the following parameters.

• Sample size (at 295 K):D = 21.65± 0.01 mm;L =
7.865± 0.01 mm.
• Crystallographic structure: cubic.
• Impurities:<5× 10−5.
• Thermal expansion coefficient at ambient temperature:

6.9× 10−6 K−1.
• Copper enclosure size:Dc = 36.0 mm; Lc =

21.85 mm.

Figure 7. Permittivity versus temperature for YAG.

Table 3. Anisotropy ratio for various materials.

Anisotropy Anisotropy
Material ratio at 20 K ratio at 300 K

Sapphire 1.224 1.232
Rutile [6, 7] 2.23 1.90
Quartz 1.044 1.045
SrLaAlO4 1.16 1.18

We only used one WGM, namely S1-10 (20.2 GHz), for
permittivity and dielectric loss tangent determination since
the permittivity of YAG is isotropic due to the cubic
crystallographic structure of this material. Several other
modes, S1-7, S1-8, and S1-9, were measured to check the
validity of S1-10 mode identification.

For the YAG sample, thermal expansion coefficient data
were again provided by the manufacturer. In addition,
the relative permittivity uncertainty caused by neglecting
thermal expansion is at least ten times smaller than observed
permittivity changes in the temperature range from 15 K
to 300 K, similar to the situation for both sapphire and
SrLaAlO4. Permittivity measurement results for YAG are
shown in figure 7.

3.5. Anisotropy ratio

All materials that were measured, except YAG, exhibited
dielectric uniaxial anisotropy. The anisotropy ratio (ratio
of permittivity component parallel to anistropy axis to
permittivity component perpendicular to anisotropy axis)
varies with temperature and is different for various materials
as shown in table 3. Among the materials measured by us,
rutile has the largest anisotropy ratio [6, 7] (2.23) and quartz
the smallest (1.044) at 20 K.

4. Results of dielectric loss tangent measurements

Loss tangent measurement results are shown in figures 8–11.
Computed contributions of copper wall losses at 15 K are
given for the WGMs employed in the measurements and
are indicated in the figure captions. Even for the lowest
loss material (sapphire at 15 K), wall losses are at least 20
times smaller than the dielectric losses (note that tanδ⊥ for
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Table 4. Dielectric loss factors and dielectric loss–temperature exponents at 100 K.

f (GHz) Material A⊥(100 K) A‖(100 K) K⊥(100 K) K‖(100 K)

21.3 Sapphire 5× 10−16 2× 10−16 4.5 4.5
20.2 YAG 1× 10−12 3.0
17 Quartz 8× 10−6 5× 10−6 ≈0 ≈0
12 SrLaAlO4 1.6× 10−9 4× 10−9 1.7 1.7
4.5 Rutile [6, 7] 3.2× 10−11 1.2× 10−10 2.7 2.7
9 Sapphire [5] 2× 10−16 8× 10−17 4.5 4.5
72 Sapphire [1] 8.2× 10−16 4.6
5 Rutile [19] 2.8× 10−11 2.7

Figure 8. Dielectric loss tangent components perpendicular and
parallel to anisotropy axis versus temperature for sapphire.
Rs/G = 1.5× 10−9 for S1-9 mode and 2.2× 10−10 for N1-11
mode.

Figure 9. Dielectric loss tangent components perpendicular and
parallel to anisotropy axis versus temperature for quartz.
Rs/G = 4.9× 10−10 for S1-15 mode and 6.5× 10−9 for S2-14
mode.

sapphire depends 90% on the unloadedQ-factor of S1-9
mode). Therefore, loss tangent values should increase by no
more than 5% if wall losses were to be completely neglected
in all our measurements. We took conductor losses into
account so that uncertainties in loss tangent determination
were essentially the same as the uncertainties in the unloaded
Q-factor measurements.

For all measured materials the dielectric loss tangent
increases with temperature. The temperature at which

Figure 10. Dielectric loss tangent components perpendicular and
parallel to anisotropy axis versus temperature for SrLaAlO4.
Rs/G = 1.0× 10−8 for S1-5 mode and 5.5× 10−9 for N1-6 mode.

Figure 11. Dielectric loss tangent versus temperature for YAG.
Rs/G = 4.7× 10−10 for S1-10 mode.

the slope of the dielectric loss tangent versus temperature
approaches a maximum on a logarithmic scale is about 100 K.
At certain temperature ranges near 100 K dielectric losses can
be approximated by power functions of absolute temperature:

tanδ⊥ = A⊥T K⊥

tanδ‖ = A‖T K‖ .
(3)

Dielectric loss factors and power exponents evaluated at
100 K for various materials are given in table 4, while table 5
lists dielectric loss tangents at 100 K. Data in the last four
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Table 5. Dielectric losses at 100 K.

f (GHz) Material tanδ⊥(100 K) tanδ‖(100 K)

21.3 Sapphire 5× 10−7 2× 10−7

20.2 YAG 1× 10−6

17 Quartz 8× 10−6 5× 10−6

12 SrLaAlO4 4× 10−6 1× 10−5

4.5 Rutile [6, 7] 8× 10−6 3× 10−5

9 Sapphire [5] 2× 10−7 8× 10−8

72 Sapphire [1] 1.3× 10−6

5 Rutile [19] 7× 10−6

rows of tables 4 and 5 were taken from our earlier work
or from the literature. In data intercomparison, one should
note that dielectric losses are frequency dependent. For
example, for sapphire, losses increase approximately linearly
with frequency so the data measured at 21.3 GHz (first row)
and 9 GHz (sixth row) are in very good agreement.

Some theoretical papers on dielectric losses in pure
single crystals [e.g. 20] predict a temperature and frequency
dependence for various crystal lattice structures. Our
measurement data show that in real crystals losses exhibit
more complex behaviour than that predicted by these theories,
even over limited temperature ranges. For most crystals at
very low temperatures losses are affected by impurities. In
the other crystals such as quartz, piezoelectric effects can
dominate the loss mechanism, although the influence of OH−

ions on the dielectric loss tangent in our quartz sample cannot
be excluded.

5. Summary

The results presented in this paper establish a very
accurate (within 0.1% tolerance) permittivity database versus
temperature for a few ultralow loss crystals. The dielectric
loss tangent data can also be treated as reference values for
fixed frequencies. However, this is only true for a limited
temperature range in which the specimens are not affected by
unknown impurities. Over broad temperature ranges, losses
in real crystals exhibit more complicated behaviour than that
predicted by simplified theoretical models presented in the
literature. In particular, power loss–temperature formulae
describing dielectric loss can be applied only over limited
temperature ranges. Further studies of various materials
using the WGM technique are necessary. These would
serve as experimental databases for engineers designing
devices employing very low loss dielectrics and for physicists
working on new theories to predict the complex permittivity
of materials accurately. For most single crystal oxides
the permittivity increases with temperature at temperatures
above 100 K. An exception is rutile. For this reason
rutile is an ideal material for the construction of composite
thermally compensated dielectric resonators [21, 22] which
have already found practical applications.
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